The evolutionary features based on the distributions of k-mers in the DNA sequences of various organisms are studied. The organisms are classified into three groups based on their evolutionary periods: ͑a͒ E. coli and T. pallidum ͑b͒ yeast, zebrafish, A. thaliana, and fruit fly, ͑c͒ mouse, chicken, and human. The distributions of 6-mers of these three groups are shown to be, respectively, ͑a͒ unimodal, ͑b͒ unimodal with peaks generally shifted to smaller frequencies of occurrence, ͑c͒ bimodal. To describe the bimodal feature of the k-mer distributions of group ͑c͒, a model based on the cytosine-guanine "CG" content of the DNA sequences is introduced and shown to provide reasonably good agreements.
A DNA sequence is a long string of four types of bases and is generally tightly packed inside a cell with a complicated three-dimensional structure. It carries the heredity information of an organism with the genetic content of the coding regions given by the local sequential structure based on the universal triplets of nucleotides or codons. A sequence of codons may then be translated to a sequence of amino acids for protein. What is less well known is the possible long-distance statistical structures of DNA sequences. Such structures can vary for different organisms and chromosomes.
The short-and long-distance structures are correlated in many ways and may arise from certain evolutionary mechanisms. In the textual analysis of microbial genomes ͓1͔ for their distributions of the frequency of occurrence of various k-mers, it was found that they possess the statistical characteristics of a much smaller random systems. Here a k-mer is an oligonucleotide of length k and frequency of short k-mers has been considered in studies of molecular evolution ͓2͔. It was suggested ͓1͔ that the growth of microbial genomes follows a two-stage process. An initial stage of random growth of a genome to a length of approximately 1000 nucleotides, followed by random duplications of segments averaging around 25 nucleotides.
In this paper, we shall consider applying the analysis method used for the microbial genomes ͓1͔ to analyze various organisms including vertebrates. In particular, we consider the k-mer distributions for the chromosomes of various organisms including vertebrates. In this study, we shall consider a simple time-independent model for describing a typical feature of the k-mer distributions for human chromosomes.
II. MATERIALS AND METHODS

A. Data sources
The DNA sequences of the organisms we shall analyze are listed in Table I and are available from Ref. ͓3͔. In particular, the DNA sequences of human chromosomes will be taken from Ref. ͓4͔. We shall consider DNA sequences given in FASTA sequence format. In this format, the human DNA sequences contain undetermined bases denoted by the letter " N."
In Table I , we group the organisms into three evolutionary periods ͓5͔. The species Arabidopsis thaliana, which is a small flowering plant, is included for comparison.
B. k-mer distribution
In this paper, we shall study how k-mers are distributed in DNA sequences. Let us first define the distribution of k-mers by considering, as an example, tossing of a die 15 000 times. Suppose the outcomes ͑numbers of occurrence͒ for the values on the faces of the die are given in Table II.  Table II provides a simple statistical property that the numbers of occurrence are approximately the same. A more useful information about the die may be described by considering the standard deviation and higher moments of the distribution. But, here we shall consider a different quantitative description of the statistical property. We round the numbers of occurrence to the nearest hundred and obtain the resulted numbers which are also given in Table II . From Table II , we add up the same number of the frequency of occurrence to obtain Table III, which are then depicted in Fig. 1 .
In this example, the number of tosses 15 000 may be identified as the total length of a DNA sequence, and the values on the faces of the die are then identified as the types of bases. The number distribution describes the "monomers" ͑k =1͒ with die values 1 ϳ 6. Here we denote N k as the number of k-mers with frequency of occurrence f.
With the analysis procedure, one may consider a sequence of k-mers of any length. In the die-tossing example, we see that when k = 2, the number of 2-mers or dimers to be considered is 6 2 = 36. Thus, it becomes very complicated to evaluate the distribution of the frequencies of occurrence for the cases when k is large.
In the following sections, we shall study the k-mer distributions for the DNA sequences of the organisms listed in Table I . We shall consider the cases with k =2, 4, 6, 8, in which the numbers of k-mers are 4 k ͑k =2, 4, 6, 8͒. In this paper, all distributions will be plotted with sequences normalized to one megabase ͑Mb͒ for comparison purpose; that is, all distributions are normalized to 1 Mb of sequence length.
C. Human chromosome 21 and random DNA sequence
As an example, we shall compare the distributive properties of k-mers in human chromosome 21 and in a random DNA sequence. The results of our analysis for the cases k = 2, 4, 6, 8 are represented in Figs. 2-5. From these figures, we see that, as have been pointed out long ago ͓1,6͔, the distributions of k-mers in human chromosome 21 are very different from those in the random DNA sequence. We note that all human chromosomes have very similar k-mer distributions with a bimodal structure for large k values ͑Figs. 4 and 5͒. The fact that all human chromosomes have very similar k-mer distributions has been pointed out in ͓7͔, in which all the eukaryotic genomes examined were shown to possess very similar distributions.
In Figs. 2-5, the k-mer distributions for the random DNA sequence of length L ͑L ӷ 4 k ͒ are known to obey the Poisson's formula with the peak values
where p is the fraction of ͑adenine ϩ thymine͒ ͑A + T͒ in the random sequence ͑there is a general symmetry of genomes that the numbers of the bases A ͑C͒ and T ͑G͒ are almost the same͒, f is the average frequency of occurrence f = L /4 k . Thus, for the 6-mer distribution for the random sequence given in Fig. 4 , there are seven peaks given by Eq. ͑1͒ with m =0, 1, …, 6.
D. k-mer distributions of organisms of different groups
From the above analysis, we see that the k-mer distributions for human chromosomes and a random sequence are very different. Here we shall consider and evaluate the distributions of k-mers ͑k =2ϳ 8͒ of the organisms in Table I . The distributions for the case k = 6 are plotted according to the three evolutionary groups. We observe that the k-mer distributions for group ͑a͒ organisms ͑Fig. 6͒ are unimodal. The k-mer distributions for group ͑b͒ organisms are also unimodal ͑Fig. 7͒, but compared to group ͑a͒ organisms, their peaks are generally slightly shifted to smaller frequencies of occurrence. The k-mer distributions for group ͑c͒ organisms ͑Fig. 8͒ are bimodal. Thus, the complexity of a k-mer distribution increases from group ͑a͒ to group ͑c͒ organisms. Here we also note that Arabidopsis thaliana, a small flowering plant, behaves like the bacteria in group ͑a͒.
We should mention that a particular characteristic property of a k-mer distribution for an organism does not necessarily reflect that the organism belongs to a particular evolutionary group, since we have analyzed only a few organisms in each evolutionary group. In particular, many microbial genomes have highly biased base compositions, and their distributions ͓1,7͔ can have a larger skewness than those of the genomes in group ͑b͒. 
E. Minimal microbial genome growth model
In order to explain the distributive features of k-mers in microbial genomes in terms of an evolutionary model, a minimal model which employs two types of evolutionary events, mutation and DNA duplication, was proposed ͓1͔. In this model, mutation events are caused by single base replacements ͑SBR͒, and DNA duplication events are given by occasional random duplication ͑RD͒ of a stretch of oligonucleotide with a characteristic length scale .
A model DNA sequence is generated with an initial simple random sequence of length L 0 of a prescribed base composition. This initial sequence is then allowed to evolve and grow by SBR and RD events until its final length just exceeds 1 Mb. In RD event, a length ᐉ of the copied sequence is randomly selected, then a site s sufficiently far from the end of the genome is randomly chosen and the sequence from s to s + ᐉ − 1 is copied and inserted into the genome behind a second randomly selected site. This model has three adjustable parameters: an initial length L 0 , a ratio of the chances of having an SBR or an RD event, and a length scale . For example, to fit the 6-mer distribution of E. coli, the parameters L 0 = 1000, = 500, and = 15 000 were used.
In a computer simulation ͓1͔, a random length ᐉ is chosen as according to the Erlang probability function ͓8͔
where is a chosen length scale ͑in bases͒ and m is a shape parameter. The probability function ͑2͒ has an average value ͑m +1͒ and a standard deviation ͑m +1͒ 1/2 . We let L c be the current length of an artificial genome. Then the probability per unit length of a selected segment of length x is given w͑x͒ = −1 e −x/ ͑1−e −L c / ͒ −1 with normalization ͐ 0 L c w͑x͒dx =1. To select a segment ᐉ using a random number generator, we construct a function G such that G͑ , y͒ = ᐉ and y ͓0,1͒ is a computer generated random number. The inverse function G −1 ϵ y = ͐ 0 ᐉ w͑x͒dx yields the required random length ᐉ = G͑ , y͒ =− ln͓1− y͑1−e −L c / ͔͒ ͓1͔. Clearly, the final genome length L is much greater than L 0 and . Also, the total number of RD events is greater than L / and the total number of SBR events is greater than L / .
This model generates k-mer distributions that agree with the distributions for the corresponding real microbial genomes with chosen parameters ͓1͔. In addition, it was shown ͓7͔ that the minimal model with one set of three universal parameters can be used to account for the primary feature of the k-mer distributions of essentially all microbial and eukaryotic genomes. The primary feature of a k-mer distribution is specified by its effective random-sequence length, which provides a reference parameter for generating a model sequence.
However, the minimal model does not give bimodal k-mer distributions as seen in some eukaryotes such as the third group of organisms in Table I . To generate a k-mer distribution with a bimodal structure, which is a secondary feature, one or more additional conditions are needed and we shall describe a simple condition as follows.
F. Model for bimodal k-mer distributions
To account for the bimodal structure in the k-mer distributions for the human genome, we now propose a random duplication mechanism, which is based on the minimal model. As in the minimal model, we need to estimate the initial length L 0 by calculating the effective length from the average and standard deviation. For a random DNA sequence which has a Poisson type of k-mer distributions, we define the average
and the standard deviation 
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where N k ͑n͒ denotes the number of a k-mer in a sequence of length normalized to 1 Mb. The effective random-sequence length L eff and the ratio r = N k / k are related by L eff =4 k r 2 ͓1͔. For human chromosomes, we calculate the values of L eff for various k values in order to determine L 0 . We note that L eff ranges from the average value of 149 base pairs ͑bp͒ for k = 2 to about L eff = 3.9ϫ 10 4 bp for k = 8. To obtain the optimal value for L 0 , we perform a 2 procedure based on comparing the empirical values of L eff with those from a set of model sequences ͓7,9͔. For human chromosomes, we use an initial length L 0 = 300 bp.
In order to understand the bimodal structure of the k-mer distributions for group ͑c͒ organisms, in particular, for human chromosomes, we shall analyze the content of the dimers in human chromosomes to determine how the dimers are distributed. In particular, the fraction of the dimer "CG" that plays an important role in DNA methylation, which varies widely among different organisms ͓10͔. Thus, suppose the ratio of the fraction of the number of "CG"s in the total length is p 0 . Then for a chosen length ᐉ, we assign a suppressing factor for the evolution of a "CG" given by e −p/p 0 , where p = n ᐉ ͑CG͒ / ᐉ with n ᐉ ͑CG͒ denoting the number of " CG"s in the length ᐉ. Here we note that the definition of p is not to be considered as the fraction of "CG"s with respect to the total number of dimers in the chosen length ᐉ. To define such a fraction, we would have to evaluate the total number of dimers in the chosen length ᐉ, but ᐉ can have an odd number of bases. A more appropriate suppressing factor may be e −␣p/p 0 with some constant ␣. To implement a duplication suppressing factor into our evolutionary model, we consider the Erlang probability function ͑2͒ for a DNA segment of length ᐉ ͑in bases͒. We take an average duplication length ᐉ bp, corresponding to a value pair ͑m , ͒, and the ratio of SBR to RD. Then we impose the additional condition such that a duplication is allowed if the randomly computer generated value between 0 and 1 is smaller than e −p/p 0 , and it is forbidden, otherwise. 
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G. Fractions of dimers in human chromosomes
As an application, we evaluate the numbers of the dimers in human chromosomes 20, 21, and 22. Their dimer distributions for DNA sequences of length of 1 Mb are given in Figs. 9-11. We see that for the fractions of the dimers on the left of the dimer TA in these figures are generally smaller than the values of the dimers in the whole sequences. Other chromosomes exhibit similar features.
From the distributions of the fractions of dimers, we shall see that the dimer "CG" occupies about 0.01 in the total base length of a chromosome; i.e., the ratio of the number of " CG"s to the total number of dimers in the complete chromosome is 0.01, which is much smaller than the average value 1/4 2 = 0.0625. Therefore, we shall take the duplication suppressing factor for the the evolution of the "CG" to be e −p/0.01 . Note that the fractions of the dimer "CG" in the chosen sequences of 1 Mb length in the chromosome are about 0.01.
III. RESULTS AND CONCLUSION
To generate model sequences with our model, we choose the average duplication length ᐉ =20 bp ͑m =3, =5͒ and the ratio of SBR to RD to be = 0.6. We note that when ᐉ = 20, the number of duplications reaches about 1.5ϫ 10 5 times. In our model, we first generate ᐉ and evaluate n ᐉ ͑CG͒ to obtain p = n ᐉ ͑CG͒ / ᐉ, then a DNA duplication is allowed if the randomly computer generated value between 0 and 1 is smaller than e −p/0.01
, and it is forbidden, otherwise. Thus, using this generating procedure, we obtain a model sequence for most of human chromosomes whose fractions of the dimer "CG" are about 0.01.
A. Fractions of dimers in the model sequence
From the model generated sequence, it is easy to evaluate the fractions of the dimers, which are given in Fig. 12 . The fractions of the dimers in the model sequence are seen to be in reasonably good agreements with those in the real human chromosome 21, in particular, for the dimer "CG" with fraction 0.01. We see that there are reasonably good agreements in the fractions of the dimers associated with the strong-H bond bases S = ͑C , G͒. However, there are large differences in the fractions of the dimers associated with the weak-H bond bases W = ͑A , T͒, such as "AT", "TA", and "TT". We note that There are reasonably good agreements in the k-mer distributions for the model sequence and the real human chromosome 21. In particular, the model is able to produce a sequence with bimodal k-mer distributions.
In conclusion, we note that the reason for using a duplication suppressing factor in our model may be seen as follows. In human chromosomes, the fractions of the bases A , T , C, and G are about 30% for A and T, and 20% for C and G. In these, about 5% of C are methylated and composed of about 1% of the total bases. This value is about the fraction of "CG" in human chromosomes. Thus, we see that most of the "CG"s are methylated. By suppressing the duplications of the dimer "CG," we have effectively adjusted the distributions of the dimers related with the bases C and G. The small content of "CG" in human chromosomes may be caused by the fact that methylated "CpG"s in the double helix DNA structure lead to tighter helix structure and hence to fewer duplications. Here "CpG" simply indicates that "C" and "G" are connected by a phosphodiester bond. This in turn leads to a suppression of "CG"s in the genomes of higher organisms such as those in group ͑c͒.
Finally, we note that larger discrepancies exist in the fractions of the dimers associated with the weak-H bond bases like "AT", "TA", and "TT". One reason is that there are 16 different dimers in a sequence and we have one duplication suppressing factor on only the dimer "CG." Also, other factors may be taken into account. For example, during the evolution of a DNA sequence, the number of "CG"s in the sequence is not necessarily a constant.
